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Abstract 

We classify the self-similar solutions to a class of Weingarten curvature flow of con- 
nected compact convex hypersurfaces, isometrically immersed into space forms with 
non-positive curvature, and obtain a new characterization of a sphere in a Euclidean 
space R n+l . 



1 Introduction 

It is a fundamental problem to classifying hypersurfaces in a Euclidean space in classical 
differential geometry. For a compact and connected hypersurface in various conditions 
have been obtained to guarantee that it is a standard Euclidean sphere, and thus various 
characterizations of spheres have been given. 

Let X : M — > M. n+l be a hypersurface immersed in a Euclidean space W +l . Denote by A 
and H the Weingarten transformation and mean curvature of M, respectively. Assume v is 
the unit normal vector field, then the support function of the hypersurface M is defined by 

2?=<X,y> . 

It is known that M is a Euclidean sphere if and only if its support function 3? is constant 
and its Weingarten transformation A is not degenerate. When M is oriented, Liebmann-Sass' 
theorem implies that, it is a Euclidean sphere if and only if it has constant mean curvature and 
its support function iF does not change sign. If M is closed and strictly convex, the constant 
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mean curvature can guarantee that it is a standard sphere. For an embedded closed hypersur- 
face, an interesting result of Ros lfT5l shows that M is a standard sphere if its scalar curvature 
is constant. For hypersurfaces of constant Weingarten curvatures (see below for definitions) 
immersed into space forms, Ecker-Huisken [|9l completely classify such hypersurfaces with 
non-negative sectional curvatures. 

In 1990, Huisken [fTTI obtained a different characterization of standard shperes in Eu- 
clidean spaces by studying self-similar solutions to mean curvature flow of hypersurfaces. 
The mean curvature flow is a family of evolving hypersurfaces in direction of normal vectors, 
such that the evolution speed is the mean curvature. More precisely, for a smooth oriented 
n(n> 2) -dimensional manifold M and X : M — > M n+1 the smooth hypersurface immersed 
in a Euclidean space the mean curvature flow is the following evolving problem (cf. 

ESI) 

-=r-X(x,t)=H(x,t)\(x,t), xeM, (1.1) 
ot 

satisfying the initial condition X(x,0) = Xq(x) = X(x), x G M, where H(x,t) is the mean 
curvature and v(x, t) the inward unit normal vector of M t = X t (M) at X (jc, t) . 

It is known that, (1.1) is a contracting curvature flow, and when the initial hypersurface 
is convex, Huisken ifTOl proved that the solutions exist in a maximal finite time interval and 
converge to a standard sphere by scaling. Later, Andrews [1] extended this phenomenon to 
a class of general curvature flow, i.e. 

faX{xj) =F{A(x,t))y(x,t), xeM, (1.2) 

where F is a curvature function (i.e. positive and elliptic) of homogeneous degree one of 
the evolving hypersurfaces satisfying standard conditions, and A(x,t) the Weingarten form 
of the corresponding evolving hypersurfaces M t . 

If we only assume that the initial hypersurface Xq has non-negative mean curvature, the 
Type (I) solution to the evolving problem (1.1) is asymptotically self-similar, i.e. the limit 
hypersurface X of the scaling solutions satisfies the following equation (cf. ifTTTl ) 

H+ <X,v>=0. (1.3) 

This is a fully nonlinear elliptic equation which relates the support function iF and the mean 
curvature H of the hypersurface X. Huisken [fTTTl completely classified such self- similar so- 
lutions to (1.3). When M is compact, the only possible case is a standard sphere, i.e. Huisken 
gave a new characterization of Euclidean spheres: 

Proposition 1.1 A compact and connected hypersurface with non-negative mean curvature 
immersed in a Euclidean space is a standard sphere if and only if (1.3) holds. 

Let f(X) be a function defined on a symmetric region in M". It is easy to see that / 
induces a function F(A) = f(X(A)) defined in the set of symmetric matrices with eigen- 
values X. When / is evaluated at the vector X(x) — {X\(x), ■ ■■ ,X n (x)}, the components of 
which are the principal curvatures of M, the hypersurface M with curvature F is the so-called 
Weingarten hypersurface. 
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If X : M — > M w+1 is a sphere immersed in IR' 1+1 , then there exists a constant T such that 

F + t<X,v>=0, (1.4) 

is trivially satisfied for any symmetric and homogeneous curvature function F defined in the 
space of positive transformations, for, in this case the principal curvatures are all equal. We 
also call hypersurfaces satisfying the condition (1.4) the self-similar solutions of the convex 
curvature flow (1.2). 

Huisken's theorem [11] says that the inverse is true for F = H. In this paper, we will 
consider closed immersed hypersurfaces in a space form N n+l (c) with non-positive curvature 
c, and show that the inverse of (1.4) is true for a large class of Weingarten hypersurface with 
Weingarten curvature F satisfying some given conditions. 

For this purpose, we first introduce the following functions for any real number c (cf. [6J) 



shJt) = < t if c = , and ch c (t) 





Given any fixed point in the ambient space N n+l (c), we shall denote by p the distance 
function to the fixed point in N n+1 (c) , and denote by d p the gradient of p in N n+l (c) . For a 
hypersurface X : M —> N n+l (c), let 

ar = sh c (j>)<d p ,y>, (1.5) 

where < - , • > is the metric of the ambient space, and v is again the inward unit normal vector 
of M. It is easy to see that when c = 0, sh c (p)d p — pd p is the position vector, and therefore 
3? in (1.5) coincides with the support function of the hypersurface. 

Denote by T + the positive cone of W 1 , and T(F) a component of {A : f(X) ^ 0} contain- 
ing r+. 

Theorem 1.2 Let F(A) = f(X (A)) be a smooth symmetric function of homogeneous degree 
mGl/ {0}, and N n+l (c) a Riemannian manifold of non-positive constant curvature c. Sup- 
pose X:M ^N n+l {c) is a smooth connected compact convex hypersurface with principal 
curvatures A = (Ai, . . . , X n ) e T + . Assume the following conditions are satisfied: 

(1) On r(F), F is elliptic, i.e. df/dX t > 0, Vi = 1,2- • • ,n. 

(2) One of the following holds: (i) m > 1 and f is convex or concave; (ii) m < and 
f is convex or concave; (Hi) n = 2 and either m = 1, or —1 < m < 0, or m > 1 and 

7"max < j (l + y 1 + j , where r = ^ > 1 is the pinching ratio of the principal curva- 
tures, or m < -7 and r max < 2/ (l + — 
Then, if 

F + t^ = 0, (1.6) 
holds for a nonzero constant X depending only on n, X(M) is an umbilical sphere. 
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We remark that spheres are stable solutions to contracting as well as expanding curvature 
flows of convex hypersurfaces in Euclidean spaces, and therefore for m = 1 or n = 2, Theo- 
rem 1.2 in fact follows from (EMEUS. 

Corollary 1.3 A connected compact convex hypersurface immersed in a Euclidean space is 
a standard Euclidean sphere if and only if (1.6) holds for some curvature function given in 
Theorem 1.2. 

For self-similar solutions of mean curvature flow on arbitrary codimension, Smoczyk 
lfT6l classifies such self-shrinkers with parallel principal normal vector field. In the case of 
isotropic curve flow, Andrews [3] completely classified the homothetically shrinking solu- 
tions of (1.2), even the curvature function is not homogeneous of degree one. For the behav- 
ior of embedded expanding convex solutions to (1.2), there are also complete descriptions, 
see EHHH3, and so on. 

2 Preliminaries 

Let N n+l (c) be an (n + 1) -dimensional space form of constant curvature c, and M a smooth 
hypersurface immersion in N. We will use the same notation as in [fTOl IT1 IT4T1 . In particular, 
V is the induced connection on M, and for a local coordinate system {x , ••• ,x"} of M, 
g = gij and A = hij denote respectively the metric and second fundamental form of M. Let 
g l i denote the (i,j) -entry of the inverse of the matrix (gij). Then {hj} where hj — h^g • ■* is 
the Weingarten map. The mean curvature and the squared norm of the second fundamental 
form of M are given by 

H = g ij hij = h l \A\ 2 = g i ^g kl h ik h jl . 

In the sequel we will use A,- to denote the ?'-th principal curvature of the hypersurface. 
Throughout this paper we sum over repeated indices from 1 to n unless otherwise indicated. 
Raised indices indicate contraction with the metric. 

Given a symmetric smooth function /(A) defined in the symmetric region of E n , the 
induced function F(A) = /(A (A)) defined in the set of symmetric matrices with eigenvalues 
A is as smooth as / and symmetric of homogeneous degree m, if / is so. We denote by (F lJ ) 
the matrix of the first partial derivatives of F with respect to the components of its arguments: 

^-F(A + sB)\ s=Q = F^A)B lJ1 

where A and B are any symmetric matrices. Similarly for the second partial derivatives of F, 
we write 

d 2 

-^F(A + sB)\ s=Q = F l J M (A)B lJ B kl . 

We also use the notation 

/ j (A) = g(A),and A (A) = 5 g- W . 
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Recall that the homogeneity of F = F(hij) implies the following 

F ij hij=mF and F ij > rs hjjh rs = (m- l)F rs h rs . (2.1) 

The following proposition is well known (see e.g. ll4l[T2~10 

Proposition 2.1 Let f and F be as above. If f is C 2 and symmetric, then at any diagonal 
matrix A with distinct eigenvalues, the second-order derivative of F in direction B is given 
by 

F(B 1 B)=^f kl B kk B ll + 2^^^B 2 kl . 



The following corollary follows immediately, 

Corollary 2.2 If f is convex (concave) at A. (A), then F is convex (concave) at A. Moreover 
f is convex (concave) if and only if 



^-^>(<)0 foralli^j. 
Aj — Aj 



Let J^~(A) = f(A(A)) be another homogeneous function defined in W l . The first part of 
the next lemma is in fact in |fT3~ll , where only the symmetric and homogeneous degree one 
function is considered. 

Lemma 2.3 Assume F and are elliptic and of homogeneous degree m, and the eigenvalues 
a{A) of A are non-negative. Iff is convex (concave), and f concave (convex), then 

m{^h ik h)-F^h ik h k ^ > (<)0, 

and 

«E(^y-^A)>(<)0. 
j 

Proof. For the first inequality, using the homogeneity of F and & ', we compute as in lfT3l 
m(&F l ih lk h) - F^h lk h k j) = ^(fjfAjA? - 'hfjAjAf ) 

The lemma now follows by using Corollary 2.2. For the second inequality, we similarly have 

»E(^ - *fj) = \L (hi^i - %) (ft -fj)- Mb - h) (ft - to) , 

j hj 

the required inequality follows. □ 
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Since N is of constant curvature c, we have the Codazzi equation 

The Codazzi's equation implies the Ricci identity 

VNjhu = VkVihij + huAlj-huAjj + hijAl-hkjAl 

-c(gnhj - guhij + gijh k i - gkjhn), (2.2) 

where A\ - = h\h\- ■ -h k j (s factors). 

3 Computations on Curvature Functions 

Let { -jj } be the natural frame field on M n . Denote by V the covariant derivative of N n+l (c) . 
The following is well-known 

< V X 3 P ,Y >= Vp(X,Y) = { °£g> < x r > = * >= „ . (3.1) 

By (3.1) and Codazzi equation, we have the following lemma 
Lemma 3.1 The second order derivative of 3? is given by 

V i Vj3f = -ch c ( P )h ij -sh c ( P ) < «9 p T ,V/^ > -3?A 2 l}1 

where dj is the component of d p tangent to M. 
We differentiate the equation (1.6) to get 

y jF = F kl W j h kl = -xV j S'. 

Taking derivative of the above equation again in a normal coordinate system with the 
help of Lemma 3.1, we have 

F k '^V l h rs V j h kl +F kl V i Vjh kl = V,VjF = -TViVjZ? 
= -x (-ch c {p)hij - sh c {p) < dJ,Vhij > -^Ajj>) 

= rch c (p)hij - FAfj + xsh c (p) < d p , > ^l l h ih 

which implies 

F M ViVjh kl = xch c {p)hij-FA% + xsh c (p) < ^ > V% 7 -F kl > rs Vih rs V jh kl . (3.2) 
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Using the Euler relation (2.1), we have by (3.2) 



F kl V k V l F 



= F u F l ^ rs W l h l] W k h rs + F u (xch c (p)h kl -FA 2 kl 

= mxch c {p)F + xsh c (p) < dp,j^ > V l F - FF kl A 2 kl . (3.3) 

Here m is the degree of F. 

For any other curvature function & of homogeneous degree m, we compute similarly 

V k VlJ? = ./"•' v V A /, rv V / /, /; + ^VkVihij. 

Using the Ricci identity (2.2) and inserting (3.2) into the above equation, we obtain 

F kl V k V^ = F u #V> rs V& rs V l h iJ + #VF a V k V l h i j 
= F kl ^ rs V k h rs V t hij 



F kl ViVjh kl - F kt (huAij - h kl Af. + htjAfc - hjAft) 



fkl 



+Ce 0r'Jpkl (g.fa. _ gkl h.. + g.jfo _ gkj h u ) 



F kl J? lJ > rs V k h rs Vihij + ^' J (mFAf: - hijF kl A l kl ) - cm(^F kk - F^ kk ) 



kl A 2 



<&i?kk 



dkkk\ 



Tch c {p)hij-FAl + Tsh c (p) <dp^ l > ^kj-F^VihrsVjhu 



= mrch c (p)^ + rsh c (p) <d p ,^-j> V 1 ^ + (m - l)F# iJ A?j - m^F'M? 



dx l 

+ (pij£kl,rs _ ^ij F kl,^ V . hrsVjhki _ cm ^ p kk - F & kk ) . 

Direct computation gives 

F U VkM^) = ^F kl V k V lF -^- 2 F kl V k V^ 



(3.4) 



9 IF 
-—F kl V k FV l ^+-^F kl V k ^V l ^, 



which implies by (3.3) and (3.4) 

J) = i ( mxch c {p)F + xsh c {p) < d, 



F kl V k V t 



#2 



dx l 



> V l F-FF kl A 2 kl 



mzch c (p)^ + xsh c (p) <d p ,—j> 

ox 1 

+ (m - \)F^ ij Ajj - m^F ij Ajj 



+ (F ij J? kl > rs -^ ij F kl ' rs )Vih rs Vjh kl -cm(&F kk -F^ kk ) 



2 2.F 
--^F kl V k FV^ + —F kl V k ^V^. 



(3.5) 
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Note that the last two terms in (3.5) are equal to — J^ fc/ V fe ^V/( j^), and so we at last 
arrive at the lemma 

Lemma 3.2 Let F and & be two nonzero curvature functions on M, which are homogeneous 
of degree m. IfF satisfies (1.6), then the following holds 

^(J) = *(p)<a p ,^>v'(J)-|^v / (J) 

+^(# iJ F a > n -FV# a > rs )V i h n Vjhu (3.6) 

+( m - 1 )^(^ i7 4- /r ^ 7 4) < 3 - 7 ) 

CmF -(F& kk -&F kk ). (3.8) 



4 Proof of the Main Theorem 

Firstly we consider the case m > 1 . It is clear, in this case, F is positive restricting to M. We 
only prove the theorem for / concave. It is similar for / convex. Taking an elliptic convex 
curvature function &(A) = f(A(A)) of homogeneous degree m, the homogeneity implies 
that & is also positive as F. By Corollary 2.2, Lemma 2.3 and the homogeneity of F and 
we see that (3.6), (3.7) and (3.8) are non-positive since c < 0. Then applying the strong 
maximum principle to in Lemma 3.2 yields = c\, a positive constant, on M. Therefore 
by assumption, either F and are constant restricting to M or 

> pWriijTiu = cifWriijTiu > 0, 

for any real symmetric matrix r\ . Especially, 

F^F^VihrsVjhk^O, 

and 

F kl > rs h rs h kl = 0. (4.1) 

If V ( % = for any i,j,k = 1,2, • • • ,n, then the mean curvature H is constant and we 
have done. Otherwise by (2.1), (4.1) implies m(m — \)F — 0, and so m = 1. Since H is 
concave as well as convex, taking & = H, we have F = C[H. The theorem now follows 
from Proposition 4.1 below. 

Secondly, we consider the case m < 0. Again, the homogeneity and ellipticity of F imply 
that F < since m < 0. As in the first case, we only consider the case for / concave, and 
it is similar for / convex. As before we take an elliptic and convex curvature function & 
which is homogeneous of degree m. Then terms in (3.6)-(3.8) are non-negative. Applying 
again the strong maximum principle to in Lemma 3.2 yields = ci, a positive constant. 
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Similar discussion also as in the first case, we see the only possible case is V,/z w = for any 
i, j, k = 1,2, • • • ,n, and therefore the mean curvature H is a constant on M, which implies 
X(M) is again a sphere. 

Lastly, we consider the case n = 2. For any symmetric function & of the principal 
curvatures, which is homogeneous of degree zero, we compute as in (3.4) to obtain 

F kl V k V^ = F u ^ i ^ rs V k h rs V l h lj + ^F kl V k V l h i] 

= zsh c (p) <d p ,j-t>V l 3?+(m- \)F^A}j 

+ (pijj?kl,rs _ ,pJF kl ^ l h r ^ jh u + cmF^ kk . (4.2) 

We now compute the second-order derivatives in terms of Proposition 2.1. Since n = 2, it's 
not difficult to check as in [5] that, the terms in (4.2) containing the second-order derivatives 
of F and & are given by in a frame diagonalizing the second fundamental form 

Q = (F ij ^ kl ^-^ lj F kl ^)V i h rs V j h kl 

= (/lfll-fl/ll)(Vi^ii) 2 +(/if 22 -fl/22)(ViM 2 

+(/2fll " f2/n)(V 2 fcll) 2 + (/ 2 f22 - fl /22)(V2M 2 

+2(/lfl2 - f l/l2) V l^ll Vi/z 2 2 + 2{Ml2 - h/l2) V2/IH V 2 /l22 

1 /lf2-/2fl fxj , N 2 1 n flh-ffll fXT , n2 
+2— (Vi^i2j +2— (V 2 /*i2j • 

As in B51 again, we can work at a maximum point of & '. Then using the gradient conditions 
and the homogeneity of F, we have 

' mF] ^-xd^-))^ hn)1 - <43) 

By Euler identity we also compute 

F^'A?. = Ff 2 A 2 (A2-Ai). 
Similarly for the last term in (4.2) 

cmF^ kk = -cmF\ 2 l2 ~ Xl ■ 

M 
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Putting these formulae into (4.2), we have at a maximum point of & 

F kl V k V { ^ = xsh c ( P )<d Pl -^>V l & 

+{m-l)Ff 2 h(h-h)-cmFf2^^- (4.4) 

- mF] ^-u^h))^ 2hn)2 - <4 ' 6) 

No- <ake # = ^ = fcg, we have f, = and f 2 = We 

assume Ai < A2 at the maximum point of & ' . Then when m > 1 and c < 0, (4.4) is non- 
negative. If m = 1, (4.5) and (4.6) are all non-negative, we have immediately by strong 
maximum principle & is a constant, and therefore X (M) is an umbilical sphere. 

If m > 1 , in order to apply the maximum principle, we require + ^ pj~z%| ) is non " 

negative, and ^^jp — A 2 (/l2-Ai) * s non -P os i trve - Thus the pinching ratio r = ^ must satisfy 
the conditions 

2r 2 + (m-\)r-(m-l) > 0, (4.7) 

and 

(m-l)r 2 -(m-l)r-2<0. (4.8) 
The first is always true since r > 1, and the second is true if and only if 



2 \ V m— 1 

Then when r satisfies the above inequality, by maximum principle, & is a constant and 
therefore X (M) is an umbilical sphere. 

If m < 0, since (4.5) and (4.6) are non-negative, we also require (4.7) and (4.8) hold since 
F < 0. It is easy to check that when — 7 < m < 0, (4.7) and (4.8) are always satisfied. For 
m < —7, (4.8) is always true, and (4.7) is true if and only if 



r< - ( ( 1 -in) - \j{ 1 -m) 2 -8( 1 -/;; 



1— m 



Therefore when — 7 < m < or when m < — 7 and r < 2/ ^1 + y/ 1 — -j-^ j , the maximum 
principle implies that X(M) is an umbilical sphere. □ 

When c = 0, the following Proposition 4.1 is essentially a result of Huisken ifTTfl. for it 
differs from his result only by a constant t. For completeness we give the proof. 
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Proposition 4.1 IfX : M n — > N' l+l (c < 0) is compact, connected, with non negative mean 
curvature and satisfies H + z^f = Ofor some positive constant x depending only on n, then 
X (M) is an umbilical sphere. 



Proof. By (3.2) with F = H, we have 



AH = Tch c (p)H-H\A\ 2 + zsh c (p) < dp,-^ > V l H, (4.9) 



which implies that H > by strong maximum principle, and from Ricci identity (2.2) 
A|A| 2 = 2|VA| 2 + 2Tc/z c (p)|A| 2 -2|A| 4 + T^ c (p) < dp^> ^ l \A\ 2 - 2c(n\A\ 2 -H 



2 ). 
(4.10) 



Using (4.9) and (4.10), by similar calculation as in section 3, we have 

-^<V// 2 ,V(^)>-^HA| 2 -// 2 ). (4.11) 

Since M is compact, the strong maximum principle implies that 

\A\ 2 

constant and \HV ih H -V t Hh k i\ 2 = 0. (4.12) 



H 2 



Then if c = 0, Huisken's theorem implies that X(M) is a sphere. If c < 0, we have by (4.1 1) 
and (4.12), n\A\ 2 — H 2 = 0. It follows immediately fhatX(M) is an umbilical sphere. □ 



References 

[1] Andrews B., Contraction of convex hypersurfaces in Euclidean space, Calc. Var. Partial 
Differential Equations. 2 (1994), no. 2, 151-171. 

[2] Andrews B., Evolving convex curves. Calc. Var. Partial Differential Equations. 7 (1998), 
no. 3, 315-371. 

[3] Andrews B., Classification of limiting shapes for isotropic curve flows. J. Amer. Math. 
Soc. 16 (2003), no. 2, 443-459. 

[4] Andrews B., Pinching estimates and motion of hypersurfaces by curvature functions. J. 
reine angew. Math. 608 (2007), 17-33. 

[5] Andrews B., Moving surfaces by non-concave curvature functions. arXiv: 
lmath.DG/0402273l 2004. 

[6] Carreras E, Gimenez E and Miquel V., Immersions of compact Riemannian manifolds 
into a ball of a complex space form. Math. Z. 225 (1997), 103-1 13. 



G. Li, I. Salavessa and C. Wu 



12 



[7] Cabezas-Rivas E. and Miquel V., Volume preserving mean curvature flow in the hyper- 
bolic space. Indiana Univ. Math. J. 56 (2007), no. 5, 2061-2086. 

[8] Chow B. and Tsai H., Geometric expansion of convex plane curves. J. Differential 
Geom. 44(1996), 312-330. 

[9] Ecker K. and Huisken G., Immersed hypersurfaces with constant Weingarten curvature. 
Math. Ann. 283 (1989), 329-332. 

[10] Huisken G, Flow by mean curvature of convex surfaces into spheres. J. Differential 
Geom. 20 (1984), no. 1, 237-266. 

[11] Huisken G, Asymptotic behavior for singularities of the mean curvature flow. J. Dif- 
ferential Geom. 31 (1990), no. 1, 285-299. 

[12] Gerhardt C, Closed Weingarten hypersurfaces in Riemannian manifolds. J. Differential 
Geom.43 (1996), no. 3, 612-641. 

[13] Li G, Yu L. and Wu C, Curvature flow with a general forcing term in Euclidean 
spaces. J. Math. Anal. Appl. 353 (2009), 508-520. 

[14] McCoy J., Mixed volume preserving curvature flows. Calc. Var. Partial Differential 
Equations 24 (2005), 131-154. 

[15] Ros A., Compact hypersurfaces with constant scalar curvature and a congruence the- 
orem, J. Differential Geom. 27 (1988), 215-220. 

[16] Smoczyk K., Self-shrinkers of the mean curvature flow in arbitrary codimension. Int. 
Math. Res. Not. 48 (2005), 2983-3004. 

[17] Urbas J., Convex curves moving homothetically by negative powers of their curvature. 
Asian J. Math. 3 (1999), 635-656. 

[18] Zhu X., Lectures on Mean Curvature Flow. Studies on Advanced Mathematics, Amer- 
ican Mathematical Society, International Press, 32 (2002). 



